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Dedicated to the sixtieth birthday of Udo Simon

ABSTRACT. We study affine hyperspheres M with constant sectional curvature
(with respect to the affine metric h). A conjecture by M. Magid and P. Ryan
states that every such affine hypersphere with nonzero Pick invariant is affinely
equivalent to either
2 2\, 2 2 2 2
(xy £ a3)(23 £27) ... (g1 £ a5y) =1
or
(e £23) (@3 £ af)... (€3, 1 ad,)z2mr1 =1
where the dimension n satisfies n = 2m — 1 or n = 2m. Up to now, this
conjecture was proved if M is positive definite or if M is a 3-dimensional
Lorentz space. In this paper, we give an affirmative answer to this conjecture
for arbitrary dimensional Lorentzian affine hyperspheres.

1. INTRODUCTION

In this paper, we study nondegenerate affine hypersurfaces M™ in R**1. It is
well known that on such hypersurfaces there exists a canonical transversal vector
field ¢ called the affine normal vector field. If for all p € M, &(p) passes through a
fixed point (resp. is parallel), M™ is called a proper affine sphere (resp. improper
affine sphere). The standard models of affine spheres are the quadrics. Unlike in
Euclidean geometry, where the only umbilical submanifolds are the spheres and
the linear subspaces, the class of all equiaffine spheres is simply too large to clas-
sify. Therefore, in order to better understand the geometry of affine spheres, it is
necessary to impose an extra condition. This can either be a completeness assump-
tion, which only works in the positive definite case, as studied by Blaschke, Calabi,
Pogorelov, Cheng, Yau, Sasaki, Li, Ferrer, Martinez, Milan and others (see [LSZ])
or an additional assumption about the curvature, which is the approach we will
follow here.

Here, we will focus on affine hyperspheres for which the affine metric has constant
sectional curvature. In R3, affine spheres with constant curvature metric have been
studied, amongst others, by J. Radon [R], A.M. Li and G. Penn [LP], M. Magid
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and P. Ryan [MRI] and by U. Simon [S]. They obtained a complete classification
of all surfaces which are affine spheres and have constant curvature metric. As for
higher dimensions, we have the following results by A.M. Li, U. Simon and the
second author and by M. Magid and P. Ryan:

Theorem 1.1 ([VLS]). Let M™ be a positive definite affine hypersphere in R™T!
with constant sectional curvature. Then M is an open part of a quadric or M is
affinely equivalent to the hypersurface x1xs ... Tn41 = 1.

Theorem 1.2 ([MR2]). Let M3 be a Lorentzian affine hypersphere in R* with
nonzero Pick invariant and with constant curvature a with respect to the affine
metric h. Then a =0 and M is affinely equivalent to an open part of either

(1) (2 +a3)(a} —ad) = 1,
(2) (22 +23)(a3 +a3) = 1.

Since a metric on a 3-dimensional manifold is either Lorentzian or positive def-
inite, Theorem 1.1 together with Theorem 1.2 give a complete classification of
the 3-dimensional affine hyperspheres with constant affine sectional curvature and
nonzero Pick invariant J. The case of zero Pick invariant leads to many new ex-
amples and will be treated in a forthcoming paper [DMV].

Later, the following was conjectured by M. Magid and P. Ryan:

Conjecture. Let M™ be an affine hypersphere in R™" with constant sectional
curvature a and with nonzero Pick invariant J. Then a = 0 and M™ is equivalent
to

(0F £ 23) (2 £ a) ... (23,1 £23,,) = 1,
if n=2m —1 or with
((E% + (E%)(l‘g + xi) ce (xgm—l + x%m)x2m+1 =1,
if n = 2m.

The main theorem of this paper, in Section 4, will give an affirmative answer to
this conjecture in the case that the affine metric is Lorentzian, thus generalizing
Theorem 1.2 to arbitrary dimensions. A partial answer in this case, under the
strong additional assumptions that M is flat, the difference tensor is parallel (with
respect to the Levi Civita connection of the affine metric) and J > 0 (after having
chosen the affine normal £ in such a way that the signature of the affine metric
has signature 1) was given by Wang [W]. This last condition has not been stated
explicitly but follows from Wang’s conventions.

This paper is organised as follows. In Section 2, we recall the basic formulas
for an affine hypersphere with constant sectional curvature. In Section 3, we then
assume that M is Lorentzian and construct a special h-orthonormal frame at each
point p of M. In Section 4, we then show that this frame can be extended to local
vector fields satisfying the same properties at every point. This special choice of
frame is then used to show that M is flat with respect to the induced metric h and
to prove the main theorem.

2. PRELIMINARIES

We briefly recall the basic formulas for affine differential geometry. For more
details, we refer to [NS|. Let M™ be a connected differentiable n-dimensional hy-
persurface of the equiaffine space R**! equipped with its usual flat connection D
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and a parallel volume element w, given by the determinant. We allow M to be
immersed by an immersion f, but we will not denote the immersion if there is no
confusion possible. Let & be an arbitrary local transversal vector field to f(M). For
any vector fields XY, X;,..., X,,, we write

DxY =VxY +h(X,Y)E,
G(Xl, e ,Xn) = w(Xl, . 7Xn;€)7

thus defining an affine connection V, a symmetric (0,2)-type tensor h, called the
second fundamental form, and a volume element 6. M is said to be nondegenerate
if h is nondegenerate (and this condition is independent of the choice of transversal
vector field &). If M is nondegenerate, it is known that there is a unique choice (up
to sign) of transversal vector field such that the induced connection V, the induced
second fundamental form h and the induced volume element 6 satisfy the following
conditions:

(i) Vo =0,

(ﬁ) 0= Wh,
where wy, is the metric volume element induced by h. V is called the induced
affine connection, £ the affine normal and h the affine metric. If M is definite, we
assume that £ is chosen such that A is positive definite. Also, in the case that M
is Lorentzian (the signature of M is either n — 1 or 1), we assume that £ is chosen
such that the signature of M equals 1.

A nondegenerate immersion equipped with this special transversal vector field
is called a Blaschke immersion. Through this paper, M is always assumed to be
a Blaschke immersion. Condition (i) implies that Dx¢ is tangent to M for any
tangent vector X to M. Hence we can define a (1,1)-tensor field S, called the affine
shape operator, by Dx& = —SX.

Let ¥V denote the Levi Civita connection of the affine metric h. The difference
tensor K is defined by K(X,Y) = KxY = VxY — VxY for tangent vector fields
X and Y. Notice that K is symmetric in X and Y. From (i) and (ii), we deduce

trace Kx = 0 (apolarity condition).
If we define the cubic form C by C(X,Y,Z) = (Vh)(X,Y, Z), then the Codazzi
equation says that C is totally symmetric. Moreover, we have the following relation
(2.1) MKxY,Z)=—-3C(X,Y, Z),
such that Kx is a symmetric operator w.r.t. h. The Pick invariant J is defined by
J = ﬁh(K, K). The curvature tensor R of V is related to S and K by
(2.2) R(X,Y)Z = (Y, Z2)SX — h(X,Z)SY
+h(SY,Z)X — h(SX, Z)Y) - [Kx,Ky|Z.
We also have
(2.3) (@XK)(Y7 Z)— (@yK)(X7 Z) = %(h(Y7 Z)SX — h(X,Z)SY
—h(SY,Z2)W + h(SX, Z)W).

If S = AI, then M is called an affine sphere with affine mean curvature A. If M is
an affine sphere and n > 2, then A is constant. M is called a proper affine sphere if
A # 0 and an improper affine sphere if A = 0. If M is a proper affine sphere, then
the affine normal ¢ satisfies £ = —A\(f — p), where f is the position vector and p is
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a fixed point in R**!, called the center of M. If M is an improper affine sphere, so
S =0, then V is flat and the affine normal £ is constant. For an affine sphere with
constant sectional curvature a, the equations (2.2) and (2.3) reduce to

(2.4) [Kx,Ky]Z = —J(h(Y,Z)X — h(X,2)Y),
(2.5) (VxK)(Y, Z) = (VyK)(X, Z),

where J = a — A is the Pick invariant.

3. A POINTWISE FRAME FOR LORENTZIAN HYPERSPHERES

From now on, we assume that M™ is a Lorentzian affine hypersphere with con-
stant sectional curvature with respect to the affine metric. We also assume that
J # 0, i.e. M™ satisfies all the conditions of the Magid-Ryan conjecture. Then, in
the next lemma, we will gradually choose a special frame at a point p of M.

Lemma 3.1. Let p € M. There does not exist a null-vector v € T,M such that
K(v,v) is a multiple of v.

Proof. Assume that there exists a null vector v such that
K(v,v) = po.

We now complexify the tangent space and assume that fi is a (possibly complex
valued) eigenvalue of the symmetric operator K, which is different from pu. Let ©
be an eigenvector corresponding to the eigenvalue fi. Then, we have

ah(v,v) = h(K,0,v) = h(0, Kyv) = ph(,v).
Hence h(9,v) = 0. But now it follows from (2.4) that
0= [Ks, Kylv = fi(p — f)0.

Hence 0 is the only possible eigenvalue different from g and the apolarity condition
trace K, = 0 implies p = 0 = 1. Hence the operator K, has only eigenvalue 0, in
particular, K,v = 0.

Since for any vector u we have

K,Kyu=K,K,w=[K,, K,Jv = —Jh(u,v)v,

there exists a vector u with h(u,v) # 0 such that K,u and v are linearly indepen-
dent. Writing w = K,u we have h(v,v) =0, h(v,w) = h(v, Kyu) = h(K,v,u) = 0,
and

h(w, w) = h(K,u, Kyu) = h(K,Kyu,u) = —Jh(u,v)?.

Since J # 0, the above formulas imply that the space W spanned by u, v
and w is nondegenerate and invariant under K, and that the Pick invariant J
is negative. Since K, is a symmetric operator, W+ is invariant under K, also.
Since h restricted to W+ is definite and K, only has a zero eigenvalue, we deduce
that K,z = 0 for z € W=. A short calculation shows that there are unique

1
aq, e, a3 € R such that e = v, e2 = ayu+ agv+ azw, eg = (—J) " 2 Kyeq span W
and satisfy h(ei,e1) = h(ez,ea) = h(er,e3) = h(ez,e3) =0, h(er,ez) = 1. We now
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choose ey, ..., e, as h-orthonormal vectors which span W=. For simplicity we put
a? = —J. Then we have that h(es,e3) = 1 and
Kelel = 0,

Ke ez = aes,
Ke e3 = aeq,
K e; =0,
for ¢ > 3. Then, we have
—a?e; = [K.,, K.,Jer = —aK,,es,
and
—a?e3 = [Ke,, Ke,Jer = Koy (aey) — Ko, (ae3) = a’e3 — aKe,es.
So, we have that
h(Kegei, ei) = a,
h(Keyer,e2) = a,
h(K.,es, e3) = 2a.

Hence the apolarity condition for K., yields 0 = (n+1)a. Hence a = 0 and M has
zero Pick invariant J in contradiction to our general assumption J # 0. O

Lemma 3.2. Let p € M. There exist a null vector v € T,M such that

(1) v and K(v,v) span a nondegenerate plane o,
(2) h(K(v,v),v) #0,
(3) h(K(v,v), K(v,u)) =0 for every vector u which is orthogonal to o.

Proof. The existence of v satisfying (1) is obvious from Lemma 3.1. In order to see
that (2) and (3) can be satisfied as well, we have to consider different cases.

Case 1. Assume that h(K(v,v), K(v,v)) # 0 for every nonzero null vector v.
Then, we define a function f on the set of all null-vectors by

C (W(E(w.0)0)
1) = R (o, 0), K (w, o))

It is clear that f only depends on the direction of our null vector. Since the set
of directions of null vectors is a compact set, there exists a vector e; such that
f attains an absolute maximum at e;. If the maximal value for f is equal to 0,
then h(K (v,v),v) = 0 holds for every null vector. Then applying Lemma 3.1 of
[NV] implies that K vanishes identically. This contradicts our assumption that
h(K (v,v), K(v,v)) is never zero for a null vector. By rescaling e; if necessary, we
may now assume that

h(K(e1,e1),e1) = 2h(K(e1,e1), K(e1,e1)) =: a.

We then introduce ez as the null vector in the plane determined by e; and K., e;
such that h(eq,es) = 1. So, we have that

(3.1) K., e1 =e1 + aes.

Denote by o the plane spanned by e; and es. Since K., is a symmetric operator
and h restricted to o1 is positive definite, we can choose an h-orthonormal basis
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€3,...,en of ot such that h(K. e;,ej) = \idij, for 4,5 > 2. We now define a
function f(t) by

where

fa(w) = h(K(w,w), K(w,w)),

where ¢ > 3 and w is any null-vector. A straightforward computation, using (3.1)
shows that

h(w(t), v(t)) =0,
Ai(o(t) = a+oft?),
fa(v(t)) = 20 + 4th(K (e1, 1), K (e1, 1)) + o(t2).

Since f(t) has an absolute maximum at ¢ = 0, we deduce that

f1(0) f3(0)

fl(O)f(O) 6f2(0)f(0) 24h(K(61761)7K(elvel))fQ(O)
Hence h(K(e1,e1), K (e1,e;)) = 0. This completes the proof of the lemma in this
case.

Case 2. We denote by U; the set of null-vectors such that K (v,v) is a timelike
vector and we assume that U; # (). Denote by Us the set of null-vectors v such
that h(K(v,v), K(v,v)) = 0. It follows from Lemma 3.1 that if v € Us, then
h(K(v,v),v) # 0. Since on U; K(v,v) is timelike, the same condition is also
satisfied on U;. The null-directions determined by U; and Us form a closed subset
V' (and thus compact) of the set of all null-directions. We define a function on V'
by

0~ F0) 8 £(0)

6
g(w) = 2L
fi(w)
where w € V. Since V is compact, the function g attains an absolute maximum
at a null vector v and since U; # 0, we have that v € U;. This also implies
that the function f, which we considered in the previous case, is well defined on a
neighborhood of v and attains a relative extremum at v. We now proceed exactly
as in Case 1 to complete the proof.

Case 3. The set Uy = 0 but Uy # (. Let uw € U;. From Lemma 3.1 it
follows that we can rescale u such that h(K (u,u),u) = 1. We consider the function

4
g(v) = h(K(v,v), K(v,v))(h(K(v,v),v))” 3. Since Uy = 0, f2 attains an absolute
minimum at the vector u. We put e; = u, es = K(u,u) and define es, ..., e, as
before. We consider v(t) as before. Then g(v(t)) has a relative extremum at ¢t = 0
and thus we again get that
h(K(e1,e1), K(e1,e;)) = 0.
This completes the proof. O

Lemma 3.3. Let p € M and let v be as in Lemma 3.2. Then K(v,v) is not a
null-vector, i.e. h(K(v,v), K(v,v)) # 0.
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Proof. In order to prove this lemma, it is sufficient to show that Case 3 of Lemma
3.2 cannot occur. Therefore, let e1,es,...,e, be the frame constructed in Case 3
of Lemma 3.2. Then, we have

K(elv 61) = €2,
n
K(e1,e2) = fer + Y avie,
i=3
K(e1,e;) = azer + Ay,

where ¢ > 2. Because of Lemma 3.2, we have that a; = 0. The apolarity condition
for K., now gives us that

n

(3.2) > ai=o.

i=3
Using (2.4), we then get that
0= [Kel,Kei]el = )\1261 — Keieg.

Hence K.,e; = Ae;. Since h(Ke,e2,e1) = h(Keye1,e2) = 3, we find that the
apolarity condition for K., reduces to

n
(3.3) 28+ A =0.
i=3
Applying (2.4) once more, we find that

Jez- = [Ke2;Ke,;]el
= AiKezei - /BKeiel
=\ = Bh)ei

Hence A3, ..., A\, are solutions of the third order equation:
(3.4) 23— Br—J=0.

Using the fact that the \; are soltutions of the above equation we find that

zn:A;* = ﬁzn:Af + Jzn:/\i =232
=3 =3 =3

Hence \; = 8 = 0 and a contradiction follows again from (3.4). This completes the
proof of the lemma. O

Lemma 3.4. Let p € M. Then there exist vectors ey, es, ..., e, with
h(el, 61) = h(eg, 62) = h(el, ei) = h(eg, 67;) = O7
h(el,eg) = 1,
h(ei, ej) = (Sij,
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where i,j > 2 such that the difference tensor is given by

K(ei,e1) =e; — %%627

K(e1,e2) = %JGI +eo,

K(ea,e2) = _(;ll;(i)j;l)f e 4(17(2:_2)12) Jea,
K(er,e;) = _%6“

K(ea, e1) = — =2 Je.

Proof. We may assume that Case 1 or Case 2 of Lemma 3.2 is satisfied. We proceed
in the same way as in the previous lemma. Denote by e1,es,..., e, be the frame
constructed in Case 1 or Case 2 of Lemma 3.2. Then, we have

K(elvel) = e1 + aey,
n
K(e1,e2) = fe; +e2 + Z a;é;,
i=3
K(eq,e;) = azer + Aey,

where ¢ > 2 and « is a nonzero number. Because of Lemma 3.2, we have that
a; = 0. The apolarity condition for K., now gives us that

(3.9) Sh= 2
=3

Using (2.4), we then get that
0=[K.,Kcle1 = Ne; — \iei — aK,,es.

2y
Hence K.,e; = )"";A" e;. Since h(Ke,ea,e1) = h(Ke,e1,e2) = 3, we find that the
apolarity condition for K., reduces to

208+ (A7 = \i) =0.
=3
Using (3.9), we can still rewrite this as

n

(3.10) 20B+1)+ ) A =0.
=3

Applying (2.4) once more, we find that
Je; = [Ke,, Ke;lex
= ANiKe,e; — fKe,e1 — Ke,e2
— 1\ =202 1 (1— af)Aen
Hence A3, ..., A\, are solutions of the third order equation:
(3.11) 23— 222 + (1 —aB)z —aJ = 0.

Denote by p1, pie, pi3 the three solutions of the above equations (of which 2 can be
complex conjugate numbers). Then, it follows from (3.11) that

(3.12) p1 A+ po + p3 = 2,
(3.13) pipe + paps + pzpz =1 —af.
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Combining (3.12) and (3.13) we deduce that

(3.14) 13+ s+ 13 = (i + pe 4 ps)® — 24208 = 2(1 + aff).

On the other hand, it follows from (3.9) and (3.10) that there exist natural numbers
ny, no and ng such that

nypy + nape +ngpuz = —2,

npi + naps + naps = —2(1 + af).

If (3.11) has 3 real roots, then it follows from comparing (3.14) with (3.15) that
1+ af =0=pu = pe = ps. Hence from (3.10) it then follows that aJ = ppops =

0. Therefore, (3.11) has only 1 real root which we may assume to be p1. But then
we have that \; = p; for all 4, ny = n — 2 and ny = n3g = 0. Equation (3.9) then

(3.15)

shows that \; = —%, whereas (3.10) implies that (a8 + 1) = —ﬁ. Hence
8= —ﬁ. Finally, it follows from (3.11) that
_ 4n(n—-1) 1
O="Tn=93 T

Finally, we write K.,ea = ve; + Bes and use (2.4) once more to deduce that
—Jey = [Ke¢,y, Keylen
= K., (Be1 + e2) — K., (e1 + aea)
= O(e1 + aez) — a(yer + fea)
= (B—ay)er.
(B+0). O

(e

Hence v =

We note at this point that all the formulas of Lemma 3.4 remain valid if we
choose a different orthonormal basis for o, where o is the plane spanned by e;
and es. Therefore, we still have the freedom to rotate es, ..., e, in this space. In
order to do so in a consistent way, we follow the approach of [VLS]. We introduce
a function ¢g on ot by

(3.16) g(x) = h(K(z, ), ),

where z € 0. We now denote 0 = ¢! and we define an operator K' on o' by

Kiv = K, — h(K,v,e1)es — h(K,v,e3)er = K,v + h(u, v)(%el + %62),

where u,v € . Then, we have that K is a symmetric operator from o' x o' to

o', We also have that trace K' = 0 and it follows from (2.4) that for u,v,w € o',
we have that

(K, KpJw = K, Kjw— K K,w
= K, K}w+ h(u,K&w)( (n—2) Jey + %62)

2(n—1)
(3.17) — K Kyw — h(v, Kjw)(3=2 Jer + 25e0)
= [Ky, KyJw — %J(h(v, w)u — h(u, w)v)
= =28 J(h(v, w)u — h(u, w)v).

Now, we first state the following lemma of [VLS|, together with some general
lemmas about mappings satisfying (3.17) on positive definite spaces:
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Lemma 3.5. Let h be a positive definite metric on R¥, k > 1, and let T* : RF x
R* — R* be a mapping such that h(T"(u,v),w) is totally symmetric. Denote by
Sk=1 = lv € R¥|h(v,v) = 1} and consider the function g(v) = h(T}v,v) on Sk~1.
Let u be a vector at which g attains an extremal value and let w € S*~1 such that

h(u,w) = 0. Then h(Ttu,w) = 0. Moreover, if g attains a relative mazimum at u,
then h(Tlu,u) — 2h(T w,u) > 0.

Lemma 3.6. Let T', h and g be as in Lemma 3.5. Assume also that

(3.18) trace T} = 0,

(3.19) [TL, THw = —J(h(v, w)u — h(u, w)v),

where u,v,w € R¥. Denote by A the set of critical values of the function g. Then A

is finite. Moreover, if g attains an absolute maximum at a vector ey, with h(ey,e1) =
1, then

Tellel = (If - 1))\161,
Tellu = —\u,
for allu L ey, where A\; > 0 and \? = % Finally, the map T? from RF~1 x RF=1 —
RF=1 where RF™1 is the linear space orthogonal to e1, defined by
T2v =T v + A\ h(u,v)ey,
for u,v € RF71 also satisfies
h(T?-,-) is totally symmetric,
(3.20) trace T2 = 0,
(T2, 72w = —(k + (A2 (h(v, w)u — h(v, u)w).
Proof. Let v be a vector in which the function g attains a relative extremum.
Applying Lemma 3.5, we see that v is an eigenvector of T} with eigenvalue, say,
w1. We put v = e;. Then since Tel1 is a symmetric operator on a positive definite

space, there exists h-orthonormal vectors es, ..., e, and numbers po, ..., ur such
that

Te, €j = Hj€j,
where j =2,..., k. Applying (3.19) then gives that

Jei = [T}, T} ]ex

= (4 — pipa)ei.
Hence pis, . . ., pu, are solutions of the equation y? — pyy — J = 0. Hence there exist
an integer r, 0 < r < (k — 1) such that if necessary after renumbering the basis, we
have

T! e1 = e,
(3.21) T es = 3(u +\/ 13 + 4JT)es, 1<s<r+1,

Telles:%(ul—\/uf—i—élj)es, r+1<s<k.

Now using (3.18), we deduce that

0=3(k+ D +2@2r —k+1)\/pd +4J,
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which is equivalent to

2 (k—2r—1)2 7

Since r is a bounded integer this shows that the set of critical values is finite.

Let us assume now that g attains a relative maximum at a vector e;. It then
follows from (3.21) and Lemma 3.5 that » = 0. Putting u1 = (k — 1)1, equation

(3.22) then implies that A\ = % Since r = 0, it then follows that pus = -+ = ug =
—A1.

Finally, we restrict ourselves to R*~!, the linear space orthogonal to e; and
define the map T2 as in the lemma. The first assertion in (3.20) is clear from the
definition of T2, and the third assertion follows from

(T2, T?w = THT?w) + M\ h(u, T2w)ey — THT2w) — Mh(v, T2w)ey
= [T}, THw — N3 (h(v, w)u — h(u, w)v)

—(J + (A)?) (v, wyu — h(u, w)v)

= —(k+1)(M\)2(h(v,w)u — h(u, w)v).

The second one follows immediately from the fact that h(TLeq, e1) = h(T2 e1,u) =
0, for u € RF1, O

Applying the above lemma to our situation, we get

Lemma 3.7. Let M" be a Lorentzian affine sphere in R™"1 with constant sectional
curvature a and nonzero Pick invariant J. Then for any p € M, there exist a basis
{e1,€2,...,en} of T,M and numbers A1, ..., Ap—2 with

h(e1,e1) = h(ez,e2) =0 h(ei,ej) = dsj,

h(e1,e2) =1 h(e1,e;) = h(ez,€;) =0,
where 1,7 = 3,...,n, such that

Keer=er— 200y Keen= G20 ter,

K e = —%ei, Ke,e; = —%J@i,

Ke,eo = —(?&i)j?)‘f e1+ (Z(;Q,)ij]€27 Ke.ej = —Xi—2ej,
i1

Kee; = —2(&:21)) Jer — 25es — Z A—2er + (n — 0)Ai_2e;,
k=3

where j,i = 3,...,n with j > i. If n > 3 we have J > 0 and Ay,..., \p_2 are

inductively defined by \j11 = 1/ %Ai, A1 =4/ %

Proof. First note that if n = 3, Lemma 3.7 is a direct consequence of Lemma 3.4
and the apolarity condition for K.,. Therefore, we may assume that n > 3. By
Lemma 3.4, we already have e; and e5. Applying Lemma 3.6 to the positive definite
space o' equipped with the totally symmetric operator K! introduced above, gives
us a vector ez such that

Ke3€3 = _2((7;121)) Jep — %62 + (n — 3))\163,

and
Ke,v=—M\v,
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for every vector v which belongs to o! and is orthogonal to e3. Equation (3.22)
implies that .J is positive. We now define as ¢ the linear space orthogonal to es
and define K2 from K' as in Lemma 3.6.

We now proceed by induction. Suppose that we have defined ey, ...,e., 3 < r <
(n—1), and an operator K"~! on the positive definite space 0" ~1 which is orthogonal
to e1,..., e, such that for 7,5 < r Lemma 3.7 is satisfied and such that for j > r
we have K¢ ej = A\j_2e5,1=3,...,7, K¢ 65 = —ﬁej and K¢,e; = —%Jej.
Applying Lemma 3.6 then completes the induction hypothesis. Hence we may
assume that {e1,...,e,_1} are chosen appropriately. This determines e,, uniquely.
The proof is now completed by applying the apolarity condition for K., . O

4. THE PROOF OF THE CONJECTURE IN THE LORENTZ CASE

We first show that we can extend the pointwise choice of basis made in Lemma
3.7 to a local frame satisfying the same properties at every point.

Lemma 4.1. Let M be a Lorentzian affine hypersphere with constant sectional
curvature ¢ and nonzero Pick invariant J. Let p € M. Then there exist local vector
field Ey, ..., E, near p such that

h(E1, Er) = h(E2, E2) =0 h(E;, Ej) = by,
h(Ey,E9) =1 h(Er, E;) = h(E2, E;) =0,
where i,j = 3...n, such that

— n n— 2
Kp By = Ey — 4((:_21))3 LE,, K, By = (4(n2_)1)JE1 + Es,

Kp By = —-2%E;,  KpE = —3=%JE,

_o\3,, 72 o2
Kg,Ey = —(?6(721),?)‘]2 Ey + (Z(,i)l)JEm Kg Ej = —\i—2Fj,

i—1
Kp E; = —gp =8B = ;255 = > M aB + (n = i)Ai o E;,
k=3

where j,i =3,...,n with 7 > i and A\, ..., \n—2 are as defined in Lemma 3.7.

Proof. First, we show that we can define F; and FE5 differentiably. We take a point
p € M and we take the frame constructed at p in Lemma 3.7. We can extend this
to local vector fields F1, ..., F, on a neighborhood of p such that F;(p) = e; and
h(FlaFl):h(F27F2):O h(F‘l)F]):éi_])
h(FlaFQ):l h(FlaF‘l):h(F27Fz):0)
where i, j = 3...n. Then, the null-directions V', different from F5, can be parame-
terized by

V(g (1, m)) = Fi(q) — 3 Y i Falq) + Y wiFi(q)-
=3 =3

Let f, f1, fo be defined as in Lemma 3.2. Since Case 3 of Lemma 3.2 could not occur,
we have that f oV is a well defined function on a neighbourhood of (p, (0,...,0)).
Since

n
=55 u +o(lyl?),

n
=3 =3

AWV D, (s, yn) = — g5 - 3
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and

n
4(n—1)n
L2(V(p, (35 -+ yn)) = —2 ((n_g))?» %"‘ niQ g yz + (n 2)2 g yz + (n 2)2 E yz
=3

n
3yl +ollyl?)
=3

By the proof of this lemma f|f,}xgrn—2 has a relative extremum at (p, (0,...,0)),
SO f =0 and

o2 _ 34(n—1)n n(n43) 1
3.5 4 0.0,.0) = 3 o7 Gamzy? 703

Hence the implicit function theorem shows that we can find local functions ys, . . ., yn
on M such that f|;q3xrn—2 attains an extremal value at every point ¢ in a neighbor-
hood of p. Repeating now the procedure of Lemma 3.4, we get the desired vector
fields F; and Ej.

Now, suppose that we already have constructed the vector fields F1,..., E,,
r > 2. Let

V:alFrJrl +"'+an7an
and consider the system of equations
bj(al, e ,an_,«) = h(Fr_H‘,K(‘/, V) — (n A 1)/\7n_1V) (j = 1, e, = 7“),

where A, is defined in Lemma 3.7. Since

0b;
(aa )|(1 0,...,0) = 2h( 7"+j;K(F7"+k7 Fr+1) - (n —-r—= 1)/\7"—1Fr+k)
—(n—r+ 1) A_10kj, jF#1 or k#1
:(n_r_]-))\rflv k:j:]-
there exist local, (locally unique) functions a4, ...,a,—, in a neighbourhood of p
such that V(p) = e,41 and K(V,V)=(n—r —1)A\,—1V modulo F,...,E;. By
uniqueness of this construction and the corresponding pointwise result of Lemma
3.7, V is a unit vector field and we can set E,;1 = V.
Repeating the above procedure we get differentiable vector fields Fy, ..., E,_1.

Taking F,, orthogonal to the above vector fields and applying the apolarity condi-
tion for Kg, now completes the proof. O

Now, we use that by (2.5), the tensor K defines a Codazzi tensor. This allows
us to prove the following lemma.

Lemma 4.2. Let M be as in Lemma 4.1, let p € M and let {E1,...,E,} be the
local frame constructed in Lemma 4.1. Then, we have that

ﬁE,‘, E; =0.
In particular, a = 0 and M is flat.

Proof. We use the fact that the difference tensor K is a Codazzi tensor with respect
to the connection V. First, from (Vg, K)(E1, E1) = (Vg, K)(E2, E1) we get that

Vi, (By — 8=t L By) — 2K (V, B, B)

— vEl((n 2)

4(n—1)

(4.1) _ _
Ey + Ey) — K(E2, Vg, E1) — K(VEg, B2, Ey).
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Looking at the F; and Fs components of the above equation, we respectively find
that

WY g, Br, Ey) = (Z(nQ)l)Jh(vElE%El)

— 320 Ly (U g, B, Br) = W(V s, Ba, Ey),

(n—2)% J

from which we deduce that h(VE2 Ey, Ey) = h(@E1 Es, E1) =0 and in turn
hEA,Ve,Ec)=0
for all A, B,C € {1,2}. Therefore, (4.1) reduces to

(4.2) B2V By — Fi4V i, By = 25V, B + Y72 Vi By

In the same way, the Codazzi equation (vElK)(EQ, E;) = (Vi K)(Ey, E) implies
that

n°—4)J n—2) nJ?> S n—2)nJ &
(4.3) <4(n Y, By — 7(1% VB = 25V, By + <4(n Vg, B

Computing the E; and F5 components of the Codazzi equations (V 5, K)(Ey, Ey)
= (Vg,K)(F;, E1) and (Vg,K)(E1, Es) = (Vg, K)(F;, E2) we obtain the following
systems of equations:

12(n71)nh(§EvE2;E1):_n—wh(vlﬁElv Ey) + 2D p (Y, Ba, By,

(n—2)3J (n—2)3J
h(VE Es, Ey) = h(vE1E27 i) n4((n 1 h(vE‘lEh i),
(Z(nQ)l)Jh(vE,;ElaEQ) = Z(n_,41)j]h(VE1E2, E;) — %h(vElElaEi)-

Hence h(VE Ei, Ey) = h(Vg, By, E;) = h(Vg, Es, E;) = 0. Since we already know
that h(Ex, Vg, Ec) =0 for A,B,C € {1, 2} we deduce that Ve, B1 =V Ey, = 0.
From (4.2) it then follows that VE2E1 = VE2E2 = 0. Using this, we see that
§E1 E; and ﬁEQ E; are orthogonal to both E; and F,. Therefore, we get that

(Vi K)(Ei, Br) = =25V, B, — K(Vp, Ei, Br) = 0.

Similarly, we also get that (§ 5, K)(E;, E2) = 0. It now follows from the Codazzi
equations that
0= (Vg K)(Ey, Er)
=Vp B — 2V, By — 2K (Vg By, Ey)

i (n—2)3J
= ‘Zf§§ Vi, By — ?Z(Z)gl}VE Es,

Vi K)(En, Es)
o2 7~ ~ ~ ~
Z(n2)1)JVE'E1 + VEEQ - K(VElEla EQ) - K(Elv VEIEQ)

- (Z(f ;JVE B+ 2V, Bs.

o
I~~~

Therefore, we deduce that VEi E = ﬁE E> =0.
In order to show that Vg, E; = 0 for all j > i we use an induction argument.
Suppose that we know that %Ej Er =0 for all j > k and for all £ < i — 1. Then,
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for j > ¢ it follows from (@EJ K)(E;,E;) = (@EK)(EJ,EJ and our induction
hypothesis that

(4 4) @EJ (TL — Z))\z,QEz — 2K(§EJ Ei, El)

. = ﬁEi(_Ai*QEj) _K(ElaﬁELEj) _K(ﬁEiEian)v
where j > ¢. From our induction hypothesis and since V is the Levi Civita con-
nection of h, we know that Vg, E; is orthogonal to Ey, ..., E;. This together with

Lemma 4.1 implies that the left side of (4.4) is orthogonal to E;. Therefore, by
taking the E; component of (4.4), we find that

0 =2\ 2h(Vg,Ei, E;) — h(Vg, E;, K(E;, Ep)).

Since by our induction hypothesis, we have that v g, is orthogonal to Ei,...,
E;_1, we deduce from the above equation that

(n—i+2)\i_2h(Vg, Ei, E;) = 0.
Again, using our induction hypothesis, we deduce that v g, E; =0. If | <7 we have
W(VeK)(Ej, E), B) = —h(K(E, E;), Vi, Ej) = —N—2h(Ei, Vi, Ej) = 0
and for [ > ¢ we have
(Vi K)(Ej, Bi), E) = —Ni—oh(VE;E;, Ey) — h(VE; Ej, —Xi—25)) = 0.
Since we have already shown that h((§EK)(E]7 E;), E;) = 0 it follows that
(Ve K)(Ej, Ei) = —X\i—2Vp,E; — K(Vp,E;, E;) = 0,

since %E E; is orthogonal to E1,..., E;. Again, using the Codazzi equation (4.4),
we deduce that Vg, E; = 0 for j > i.

We still have to show that @E E; =0 for all j > 4. Suppose that @EE;c =0,
where j > 2, i < k and k < j. Using an analogous argument as before, it follows
that for any number j > i, we have that

(Vi, K)(Ei, E;) = 0.
On the other hand, we have that
(Vi K)(E), Ej) = Vi, K(Ej, E;) — 2K (V i, Ej, Ej)
= (n—j)A_2Vg,E; —2K(Vg,E;, E;)
= (n—j+2)X\ oV Ej.
This completes the proof of the lemma. O

Now, we can formulate the main theorem.

Main Theorem. Let M™, n > 3, be a Lorentzian affine sphere with constant cur-
vature a and nonzero Pick invariant J. Then a is zero and M is affinely equivalent
to either

(.13% + x%)(m% - .13421) =1,

(] +23) (a3 +23) =1,
ifn =3 or M is affinely equivalent to

(x3 4+ 23)73 ... Tpyr = 1,

ifn > 3.
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Proof. We denote the immersion of M" into R"*! by f. We take the local orthonor-
mal basis constructed in Lemma 4.2. Since V g, F; = 0, the sectional curvature a
vanishes and there exist local coordinates uq,...,u, such that f,, = E;. From
Lemma 4.1 and Dy W = Ky W + %VW +h(V,W)Jf it follows that the immersion
f is determined by the following system of differential equations:

_ 4(n—1)n 1
fu1u1 - fu1 - (n 2)3 TJJu2

fu1u2 = 4(n 1) fu1 +fu2 +Jf7

_ _(n—=2°nJ?
fww - T T16(n—1)2 ful 4(n 1) fuw

(*) fului = _mfum
fuzui = _2((7;:21)) qulv
fuiuj = _)\i72fuja

i—1
fuluL = _2((7:1_721)) qu1 - %fuz - Z >\k72fuk + (TL - Z)Azf2fu1 + va

where 7,4 = 3,...,n with j >4, and A1,..., A,_2 are inductively defined by

_ (n+1)|J _ n—i
A= \ m’ Ait1 =/ 725 Aie

Now our system of differential equations implies

4(n—1)n
fu1u1u1 = fu1u1 - ((n 2))3 1( 4(n 1) fu1 +fu2 + Jf)
4(n—1)n
= fu1u1 - ﬁful (furur - fur) - ((n_g))S f
:2fu1u1_2n 2fu1_ (n 2)3 f

Any solution of this ordinary differential equation which satisfies fy ., = —% S,
is given by
(n—1)
f=Auz,us, . up)e” 72"+ B (ug)e 2" cos(YE5 Ly )

(n—1)
+ B?(ug)e =" sin( Y21y, ),

n

where A!, B, B? are arbitrary functions. Using fu2 = 4(n 1)n(fu1u1 fuy) and

the fact that {e =kt e<" = cos(—vn21u1) e<" =k s1n(—v2u1 } are linearly

independent functions we obtain

1 (n—2)%J 1
Auz - _4Y(Ln 1)n((n 42)2 + nEQ)A
n—2)J 41
(2(n 1) A
n—2)°J n—1)>2 n?— vn 2(n—1 2
Bi = _é(l(n—)l)n((gn—Q;z - (n—2)12 T n— )Bl n—;(% - ]‘)B )

n—2)J pl VnZ—1(n—2)J 2

= (2] )3—74(n(1))3

2 Vn2—1(n—2)J 1 (n—2)J 2
Bu2 - n4(n nl) B +nTB :
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Solving this linear system of differential equations and taking into account f,., =

{22, we gt

(n—2)
f:AQ(U:s,... U )emil(” Lo+ 2Ju2)

1 (n—2)J _
+ et 58 ) cos(VEEE (2= uy — 52 us))

n—1)

+C26((" Ut

(n—2)J 2)J

) sin(Y (B — 52 0)),

If n = 3, it follows from
f’u.gu;; - ']f 2((7; 21) ']fu1 ﬁfuga
that
A2 L =2JA%

Now, we have to consider two cases. If J > 0, we obtain
A% (u3) = CyeV27us 4 Oy V2Tus,
Hence in this case f is given by
Flur, uz, ug) =(Cye¥?7ts 4 CgemV2Tus)e=2m =5 Tus
+ C162“1+3J“2 cos 2\/§(u1 — %Jug)
+ 0262“1"’%‘]“2 sin 2\/§(u1 — %Jug).
It follows that M is affinely equivalent to the hypersurface given by
122l +23) = 1.

If J < 0, we proceed similarly to find A2 = C*cos(v/—2Ju3) + C3 sin(v/—2Ju3)
and therefore that M is affinely equivalent to (23 + 23)(z3 + 22) = 1.
If n > 3, the last equation (*) in our system of differential equations gives for
i =3,
A2 L= (n—=3)AA2 + (n—2)(\1)%A%
and therefore the existence of a function A® and a constant C* such that
A% (us, .. up) = A (ug, . .. up)e MU 4 Cge(mmDAus,

Inserting this equation back into (x) we get

Jf = 2((2:—21)) J fur — %f?& — A1 fus

= (1= 8) (M)A, ug)e M (),
We will now show that there exists maps A3,..., A" 2 and constant vectors Cj,
.., C,_1 such that
A2 (U3, - ,un) = AB(’LL4, o 7un)e—/\lus + Cge(n_Q)’\lu3
A3 (u4; ceey un) - A4(U5, e ,Un)67A2u4 —+ C4e(n73))\2u4

AniQ(un_l,un) _ Anfl(un)ef)\n—?)un—l 4 Cn_leQ)\nfl’)unfl.
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Suppose that for j = 3,...,7 < n — 1 there exists maps A; and constant vectors
Cj with

Ajfl(uj, e Uy) = AT (Ujt1,- -, Up e N2% 4 Cje("*jﬂ))‘f*?“f
and that

r—2
Jf - %qul - %f’u& - Z/\tfu7+2
=1

(%)
(= 1) Oyt A (s e Tt Mitina iy (g 520

holds. From the definition of A3, ..., A" we get
frrirues = A iy € Tt dussam s (5 52 ) .

On the other hand, equations (%) and (*x) imply that

r—2
Funsrurss = IF = S5 T fur = 725 Fu = O Aifuis + (0 =7 = DAt fury,
i=1

=((n—=r)Me1)? A"+ (n—r = 1)A 1 A7 )

Uprt1
o~ Ximt diwia— 2y (5w + 02w )
and therefore
(3% Al s, = (n— P (Ar_1)?A" + (n— 1 — DAr—14y, -
Since fu, ju; = —Ar—1fu,, for j > 7+ 1 implies that
Ar(urJrlv v 7un) = Ar+1(ur+27 v 7un)67)\r71u’p+1 + CrJrl(urJrl);
we can solve (k%) to get
A" Uiy ttn) = AT (Upyo, .o uy e M1 CTHe(”*”))""*l“"“.

Now we only need to verify equation (xx) with r being replaced by r + 1. But this
follows from

r—1
Jf_g(('r;_,Ql)) Jf’ul - %f’u& - Z/\tfu7+2
=1
= furpruris — (n—r— 1)/\r—1fur+1 — M=t fu, s

ol CREC RV | PRV D WY

— _ _2)J
% e~ Tict Aitipa— iy (253w + 22 0s)

- ((n — 1) (Ap1)? (AT e A e A

- )\r—l( - /\r—lArJrlei)\rilu"*l + (n - T)/\r—lCr+1e(nir))\".71u’y.+l))

o _ —2)J
X e~ ST Nitipe— 72y (Z,éulJr (n= Luz)

= (TL —r— 1)()\T)QATJFle*)‘v'flurJrl*Z::_f Nithipo— 727 (Z:;U1+7("742)Ju2).
Note that equation (xxx) gives for r = n — 1 the equation

Anfl _ ()\n_g)QA”*I

UnUn
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and therefore A" 1(u,) = Cyq1e* 2% + Cpe 2%, We can now successively
solve for all A7 and obtain a solution which only depends on n 4 1 constant vectors
Ci,...,Cphy1 € R The equiaffine transformation defined by

Cn+1 = (1a07"'70)7
C, =(0,1,0,...,0),

Cy =(0,...,0,1),
maps, therefore, our solution onto
{z € R" w1203 ... 71 (22 + 22, ) = 1}.

This completes the proof. O
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